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Stochastic Wave Equations* 
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Abstract 

Based on a fundamental identity for stochastic hyperbolic-like operators, we derive in 
this paper a global Carleman estimate (with singular weight function) for stochastic 
wave equations. This leads to an observability estimate for stochastic wave equations 
with non-smooth lower order terms. Moreover, the observability constant is estimated 
by an explicit function of the norm of the involved coefficients in the equation. 
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1 Introduction and main results 

Let T > 0, G C W 1 (n G N) be a given bounded domain with a C 2 boundary Y. Fix any 
x Q E R d \ G. It is clear that 

< Ro = min \x — Xnl < Ri = max \x — Xn\. (1.1) 



Put 



r = {xeT | (x-x )-u{x) >0}, (1.2) 
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where v{x) is the unit outward normal vector of G at x G T. Also, put Q = (0, T) x G, 
£ = (0, T) x T and S = (0, T) x T . Throughout this paper, we will use C to denote a 
generic positive constant depending only on T, G and G , which may change from line to 
line. 

Let (Q, J 7 , {J-j}t>o, P) be a complete filtered probability space on which a one dimensional 
standard Brownian motion {w(t)} t >o is defined. Let H be a Banach space. We denote by 
Ljr(0, T; H) the Banach space consisting of all i^-valued {jF t } t > - adopted processes X(-) 
such that E(\X (-)\ 2 L 2( T . H j) < oo, with the canonical norm; byL^?(0,T; H) the Banach space 
consisting of all if-valued {jF t } t > -adopted bounded processes; and by Ljr(Q; C([0, T]; H)) 
the Banach space consisting of all if-valued {jF t } t > -adopted continuous processes X(-) such 
that E(|X(-)|^[ T y H )) < oo, with the canonical norm. 

Assume 



ai G L£(0, T; L°°(G)), a 2 G Lf(0, T; L°°(G; R n )), 

a 3 G L-(0,T;L n (G)), a 4 G L£(0, T; L°°(G)), 



(1.3) 



and 



/ G l£(0, T; L 2 (G)), ^ G l£(0, T; L 2 (G)). (1.4) 
Let us consider the following stochastic wave equation: 

dy t - Aydt = {a x y t + ( a 2 , Vy ) +a 3 y + f)dt + (a 4 y + g)dw(t) in Q, 

y = on E, (1.5) 

_ 2/(0) = yo, y t (0) = yi in G. 

Here, we denote the scalar product in W n by (■,■). For any initial data 

(y , Vl ) G L 2 (fi, Jj,, P; ^(G) x L 2 (G)), (1.6) 

it is easy to show that system (1.5) admits one and only one weak solution 

y G L%{^ C([0, T];Hq(G)) f| ^([0, T]; L 2 (G))). 

By means of the classical multiplier approach and energy estimate, following [4, 6], it is not 
difficult to show the following hidden regularity for the solution of system (1.5) (Hence we 
omit the details): 

Proposition 1.1. Under assumptions (1.3), (1-4) an d (1-6), the solution of system (1.5) 
satisfies fK G L%(0, T; L 2 (r)). Moreover 

dy_ 

® V L 2 T (0,T;L 2 (r)) 

< C^\(yo,yi)\L 2 (n,^ ,P- ) Hl ) (G)xL 2 (G)) + I/|l2.(0,T;L 2 (G) + \9\l%(0,T;L 2 (G)) 

X exp |c^|(ai, a4)|i^>(o,T;(L°°(G)) 2 ) + \ a 2\L™(0,T;L°°(G;R n )) + l a 3lL^(0,T;L"(G)))] }• 



The main purpose of this paper is to derive a boundary observability estimate for system 
(1.5). For this, we choose a sufficiently small constant c G (0, 1) so that (Recall (1.1) for R 
and Ri) 



(4 + 5c) 
9c 



> R\. 



Then, in the sequel, we take T(> 2i?i) sufficiently large such that 

4(4 + 5c)R 2 ^ _ 2 



9c 



> c z T z > AR(. 



(1.8) 



Our observability estimate for system (1.5) is stated as follows: 



Theorem 1.1. Let (1.3)-(1.4) hold, Ri andT be given respectively by (1-1) and (1.2), and 
T satisfy (1.8). Then solutions of system (1.5) satisfy 



\{y{T),yt{T))\ L 2 {n ^ TiP . H i {G)xL 2 {G)) 

dy 



< C 



dv 



L% (0,T;L2(r )) 



+ I/|l2.(0,T;L2(G) + \9\l%(0,T;L2(G)) 



(1.9) 



x 



CXp jc |(Ol, a4)lL^(0,T;(L°°(G)) 2 ) + I °2 li^(0,T;L°°(G;M™)) + I °3 1 \f (0,T;L"(G))] }> 

V (y ,yi) e L 2 {Sl,T Q ,P-Hl{G) x L 2 (G)). 

It is well-known that observability estimate is an important tool for the study of sta- 
bilization and controllability problems for deterministic PDEs. We refer to [8] for a recent 
survey in this respect. Although there are numerous references addressed to the observ- 
ability problems for deterministic PDEs, very little is known for the stochastic counterpart 
and it remains to be further understood. Indeed, to the best of our knowledge, [1] is the 
only one publication in this field, which is devoted to the controllability /observability for the 
stochastic heat equation. As far as we know, nothing is known for the observability estimate 
on the stochastic wave equation. 

Similar to the deterministic setting, we shall use a stochastic version of the global Carle- 
man estimate to establish inequality (1.9). The difficulty to do this is the very fact that, un- 
like the deterministic situation, system (1.5), a stochastic wave equation, is time-irreversible. 
Therefore, one can not simply mimic the usual Carleman inequality for the deterministic wave 
equations (See [2, 6] and the references cited therein). Rather, instead of the usual smooth 
weight function, one has to introduce another singular weight function to derive the desired 
Carleman estimate for system (1.5). 

More precisely, for any (large) A > and any (small) c > 0, set 



t 



e(t,x) = a 



\X — Xq\ 



;i.io) 
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Also, for any (3 > 0, we set 

= 0(t)^exp j-^^j, 0<t<T. (1.11) 

It is easy to see that 6(t) decays rapidly to as t — > or t — > T. Our Carleman estimate 
for system (1.5) is stated as follows: 

Theorem 1.2. Let (1.3)-(1.4) hold, R\ andT be given respectively by (1.1) and (1.2), and 
T satisfy (1.8). Then there exist a constant f3 > (which is very small), and a constant 

A* = C 1 + \(a±, a4)H^(o,T;(L°°(G)) 2 ) + l a 2|!^(0,T;L°°(G;R™)) + I a 3 1 L°° (0,T;L"(G))] ' 

suc/i £/ia£ solutions of system (1.5) satisfy 

XE [ Q6 2 {y 2 t + \Vy\ 2 + \ 2 y 2 )dxdt 
Jo 



< C 




dy 



d£ + / Qd 2 {f 2 + \g 2 )dxdt 



1.12) 



V (3/0,2/1) e L 2 (n,F ,P;Hl(G) x L 2 (G)), V A > A*. 

Carleman estimate is a fundamental tool for the study of control and inverse problems 
for deterministic PDEs ([3, 8]). Similar to the situation for observability estimate, although 
there are numerous references addressed to Carleman estimate for deterministic PDEs, to 
the best of our knowledge, [1, 5] are the only two references for the stochastic counterpart, 
which are devoted to the stochastic heat equation. It would be quite interesting to extend 
the deterministic Carleman estimate for other PDEs to the stochastic ones, but there are 
many things to be done, and some of which seem to be challenging. In this paper, in order 
to present the key idea in the simplest way, we do not pursue the full technical generality. 

The rest of this paper is organized as follows. In Section 2, as a key preliminary, we 
present an identity for a stochastic hyperbolic-like operator. Then, in Section 3, we derive 
pointwise Carleman-type estimates for the stochastic wave operator. Finally, Section 4 is 
devoted to the proof of Theorems 1.1-1.2. 



2 Identity for a stochastic hyperbolic-like operator 

n n 

For simplicity, we denote and simply by and , respectively. Also, we will 

i,j=l i=l i,j i 

use the notation ui = u Xi , where Xi is the i-th coordinate of a generic point x = (xi, • • • , x n ) 
in M. n . In a similar manner, we use the notation £i, Vi, etc. for the partial derivatives of £ 
and v with respect to Xi. 

We show the following fundamental identity for a stochastic hyperbolic-like operator: 
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Theorem 2.1. Let W e C\(0,T) x W 1 ) satisfying 

b ij = V\ i,j = l,2,--- ,n, 



(2.1) 



u, £, ^ e C 2 ((0,T) x W 1 ). Assume u is a Hf^iW 1 ) -valued {F t } t>o- adopted processes such 
that u t is a Lf^iW 1 ) -valued semi-martingale. Set 9 = e e and v = 9u. Then for a.e. 
and P-a.s. w£fi, 



9 ( - 2£ t v t + bij ^ v 3 + du t - J2( bijui ">i dt 



i,3 



'i -J 



+ E [52 (?V j V' i 'ti'V i v j , - WV'UiWVj^ - 2b tj £ tVl v t + VHivl 



dt 



J 3 



+d [ V^tViVj - 2 b ij £iVjV t + £ t v 2 - Vv t v + (Al t + y ) ' 

i,j i,3 

{ [u + - *] v " - 2 E [(^-)* + ^ 

+ E {( 6 ^*)* + E [26^(6^')^' - + *6°'}uiUj 

i,3 

+Bv 2 + ( - 2£ t v t + 2J2 WUvj + *u) 2 }dt + 9%(du t ) 2 , 



where 



' A = (f t - £ tt ) - yjlr'hij - VjU - 6%) - 
5 = A* + (^) t - ^2(Ab ij £i)j + \ \% t - $>^). 
Proof. Recall that 



v(t,x) = 9(t,x)u(t,x). 
Hence u t = 9~ x {v t — Itv) and Uj = 9~ l (vj — ijv) for j — 1, 2, • • • , n. Hence, 

du t = 9-^dvt - 2£ t v t dt + (£ 2 - itt)vdt\. 

Similarly, by symmetry condition (2.1), one may check that 

52@ iu & = 6 1 52 [ bijy ^ - 2bij£ ^ + [l, ' JI 'i - h V' - 6 %> 



(2.2) 



(2.3) 



(2.4) 



(2.5) 
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Therefore, by (2.4)-(2.5), and recalling the definition of A in (2.3), we get 
6 ( - 2^u t + 2 ^ b ij £iVj + Vv) dut - J2( biju i)j dt 

= ( - 2£ t v t + 2 V 3 ^i + - [ - Aw 

= ( - 2^ + 2 J] + 



+ ( - 2^ + 2 ^ b ij £iV 3 + ttu) V 



We now analyze the first two terms in the right hand side of (2.6). 
First, using Ito's formula, we have 

- 2£ t v t + ti j ti v i + Vv)dv t 



d 



- £ tt v 2 + 2 ^(VHdtVjVt + 2 X VHiVtjVt + ^v 2 + %vv t 



dt + £ t (dv t f 



ho 



dt 



+e 2 £ t (du t ) 2 

Next, 



hi 



-2£ t v t {-Y,{V j Vi)j + Av\ 
= 2 [^(VHtVivJj - J2 V^tjViVt] - J2 b ij £ t (v iVj ) t - A£ t [v\ 

i,j i,j i,j 

i,j i,j i,j 

- ( X WtViVj + A£ t v 2 ^ + (A£ t ) t v 2 . 



Further, by means of a direct computation, one may check that 



2^2^ j e i v j [-^2(b ij v i ) j + Av 



i i i 1 i f 



i,j i',3 



(2.9) 




and 





+ m V b ij 



(2.10) 



+ 



Finally, combining (2.6)-(2.10), we arrive at the desired equality (2.2). 



□ 



3 Pointwise Carleman-type estimates for the stochas- 
tic wave operator 

In this section, we show a pointwise Carleman-type estimate (with singular weight) for the 
stochastic wave operator u du t — Audt" . 

To begin with, by taking {b l: >) nxn = I, the identity matrix, and 9 = e (with £ given 
in (1.10)) in Theorem 2.1, one has the following pointwise Carleman-type estimate for the 
stochastic wave operator. 

Lemma 3.1. Let u, I, V e C 2 ((0,T) x R n ) and k e R. Assume u is a Hf^iW 1 ) -valued 
{Ft} t>o- adopted processes such that u t is a Lf^iW 1 ) -valued semi-martingale. Set v = 6u. 
Then for a.e. x G M™ and P-a.s. u e Q, it holds 



9(-2£ t v t + 2W ■ Vv + ^jv)(du t - Audt) 

+d\£ t {y 2 t + \Vv\ 2 ) - 2(W) • (Vv)v t - Vw t + A£ t v 2 



n 




(3.1) 



7 



where 



(2n - 2c - 1 + Jfe)A, 




(3.2) 



2 



5 



4 (4c + 5-A;)|a;-a;o| 2 -(8c+l-A;)c 2 t 



2 



A 3 + 0(A 2 ). 



V 



The desired pointwise Carleman-type estimate (with singular weight function G) for the 
stochastic wave operator reads as follows: 

Theorem 3.1. Let u E C 2 ([0,T] x Q), v — 6u, and T satisfy (1.8). Then there exist three 
constant A > 0, fl > and c > ; independent of u, such that for all j3 G (0,/3 ) and 
A > Aq it holds 



with A and \I> given by (3.2). 

Remark 3.1. The main difference between the pointwise estimates (3.1) and (3.3) is that 
we introduce a singular "pointwise" weight in (3.3). Another difference between (3.1) and 
(3.3) is that T is arbitrary in the former estimate; while for the later one needs to take T to 
be large enough. 

Proof of Theorem 3.1. We use some idea in the proof of [7, Theorem 1]. The proof is 
divided it into several steps. 

Step 1. We multiply both sides of inequality (3.1) by 0. Obviously, we have (recall (3.2) 
for A and 



Q9(-2£ t v t + 2W • Vv + il>v)(du t - Audt) 

+d |e \lt{v 2 t + \Vv\ 2 ) - 2(W) • (Vv)v t - Vvv t + Ai t v 2 ^ } 



n 




(3.3) 





(3.4) 
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Note that 



(3{T - 2t) 



< 



< 



t 2 (T-t) 2 

P\T-2t\ 
t 2 (T-t) 2 

P\T-2t\ 



- 2(Vf) • (Vv)v t - Vw t 
2|(V^)-(VuK| + |*H] 



(3.5) 



e 



t 2 (T-t) 2 

Thus by (3.1), and using (3.4)-(3.5), we get 



(|W| + l)v 2 + \V£\\Vv\ 2 + Uf 2 v 2 



Q6(-2£ t v t + 2V£ ■ Vv + tpv){du t - Audt) 

+d {e y t {v 2 t + \Vv\ 2 ) - 2(W) ■ (Vv)v t - Vvv t + A£ t v 2 j } 

n 

+ E{ [ 2u <(V^) • (Vu) - 4| Vu| 2 - + £^ 2 + - } 



dt 



i=i 



> < 6(1 - fc)Au t 2 + 9(fc + 3 - 4c)A| Vv| 2 + 



p\T-2t\ 
't 2 (T-t) 2 



P(T - 2t) 
t 2 (T-t) 2 



e t e(v 2 + \vv\' 



e 



(\V£\ + l)v 2 + \V£\\Vv\ 



+ 



t 2 (T-t) 2 
+Q6 2 £ t (du t ) 2 , 



At 2 (T 



^L# 2 Qv 2 + Q^-2£ t v t + 2V£- Vv + ^) 2 J 



(3.6) 



where S is given by (3.2). 

S'tep jg. Recalling that £ and \P are given respectively by (1.10) and (3.2), we get 



RHS of (3.6) 



where 



XQ(F lV 2 + F 2 \Vv\ 2 ) + X 3 QGv 2 + e( - 2£ t v t + 2V£ ■ Vv + xj^vj 
+Q6 2 £ t (du t ) 2 , 



F *! k | cp(T-2t) 2 P\T-2t\ ± 
Fl ~ 1 h+ t 2 (T-t) 2 ~t 2 {T-t) 2 ^ X Xol + X } ' 

c(3(T-2t) 2 2I3\T - 2t\\x - x \ 



F 2 = A; + 3 - 4c + 



t 2 {T~ty 



t 2 (T-ty 



dt 

(3.7) 
(3.8) 
(3.9) 



and 



G 



(4c + 5 - k)\x - x \ 2 - (8c + 1 - k)c 2 (t- 



T 



§^^{^\T-2t\[c 2 (t-T/2f 



2 

x — x 



+ o(x~ 1 ) 

+ 0(A- 1 )}. 



(3.10) 



Step 3. Let us show that Fi, F 2 and G are positive when A is large enough and f3 is 
sufficiently small. For this, put 



k + 3 - 4c, 



G° = 4 



T 

(4c + 5-£;)|:r-:r | 2 -(8c+l-£;)c 2 (i 



+ 0(A- 1 ), 



which are respectively the nonsingular part of F±, F 2 and G. Similarly, put 
,! a c/3(T - 2t) 2 /3|T - 2t 



t 2 (T-ty t 2 (r-t) 2 



(2\x-x Q \ + A x ), 



! a cp(T - 2t) 2 _ 2(3\T - 2t\\x - x \ 
2 ~ IX 1 



t 2 (T-t) 2 



t 2 {T-t) 2 \ 1 1 



c 2 (t-T/2) 2 -\x-x \ 2 ] +0(A- 1 )}, 



which are respectively the singular part of F 1 , F 2 and G. 

Further, we choose k — 1 — c. It is easy to see that both F® and F® are positive, and 

G° > 4(4 + 5c)R 2 - 9c 3 T 2 + 0(A _1 ), 

which, via the first inequality in (1.8), is positive provided that A is sufficiently large. 

When t is close to or T, i.e., t G I = (0,S ) U (T — S ,T) for some sufficiently small 
S G (0, T/2), the dominant terms in F (i = 1, 2) and G are the singular ones. For t G io, 

^ " t\T~-t) 2 [ciT ~ 26o) ~ 2Rl ~ X ' 1)] = t\T~-t) 2 {cT " 2Rl " 2C6 ° " A ~ 1} ' 

which, via the second inequality in (1.8), is positive provided that both 5q and A -1 are 
sufficiently small. Similarly, for t G io, F® is positive provided that Sq is sufficiently small. 
Further, for t G io, 

G 1 > §^^ {MT - 26 \ [c 2 (6 - T/2) 2 - R 2 ] + 0(A _1 )| 

> ^I^l {4c|T - 26 \ [c 2 T 2 /A - R\ + c 2 5 (5o - T)] + 0(A _1 )|, 

which, via the second inequality in (1.8), is positive provided that both 5 and A^ 1 are 
sufficiently small. 

By (3.8)-(3.10), we see that F 1 = F° + Ff, F 2 = F 2 ° + F\ and G = G° + G 1 . Noting the 
positivity of F®, F 2 and G°, by the above argument, we see that F 2 and G are positive 
for i G Jo- For t G (0, T) \ Io, noting again the positivity of F®, F 2 ° and G°, one can choose 
(3 > sufficiently small such that F^, F 2 and G l are very small so that Fi, F 2 and G are 
positive. Hence (3.6)-(3.7) yield the desired (3.3). This completes the proof of Theorem 
3.1. □ 
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4 Proof of Theorems 1.1-1.2 



We are now in a position to prove Theorems 1.1-1.2. 

Proof of Theorem 1.2. The key idea is to apply Theorem 3.1. Integrating both sides of 
(3.3) (with u replaced by y, and v = 9y), using integration by parts, and recalling that O(t) 
decays exponentially to as t — » or t — > T, noting that v\s = (and hence Vi> = on 
£), we arrive at 

2~ 



E 



< 



dxdt 



J c \Q6 2 {y 2 t + \Vy\ 2 + A 2 y 2 ) + © ( - Mm + 2W • + ijwj 

E / e0(-2^u t + 2V^-Vu + #)(dj/ t -Aj/d*)<fo-E / Qd 2 i t (dy t ) 2 dx 
JQ JQ 



+1 



OV 



<9t> 



<9z/ 



dTdt. 



By the first equation of system (1.5), we get 

E I Q9(-2e t v t + 2Ve- Vv + tpv)(dy t - Aydt)dx-E [ e9 2 £ t (dy t ) 2 dx 

JQ JQ 

= E / &6(-2£ t v t + 2W • Vv + ipv)(a iyt + ( a 2 , Vy ) +a 3 y + f)dxdt 
JQ 

-E / 96 2 l t (a 4 y + gfdxdt 

JQ 

< E J 9 ( - 2^«t + 2 W • Vv + ^u) 2 dxdt 

+c|e J Q9 2 a lVt + (a 2 ,Vy) +a 3 y + f^ dxdt + XK j Q6 2 (a A y + gfdxdt 

< E y ( - 2£ t v t + 2 W ■ Vv + tpv^j 2 dxdt 
+c|e J Q9 2 (f 2 + \g 2 )dxdt + \ ai \ 2 L ^ {QtT . iLoo{G)) E J Q9 2 y 2 dxdt 



+A 



+ 



'Q 

M a 3\ 2 L<^(0 t T;L n (G)) + l fl 4 



2 

L-(0,T;(L-(G)) 



e / ee 2 y 2 dxdt 



i iz 11^ 
\ a 2\L™(0,T;L°°(G;R n )) ' I °3 Il2>(0,T;L™(G)) 



E y 90 2 |Vy| 2 d:rdt j . 



On the other hand, recalling (1.2), we have 



E / 0— — dTdt = 2AE / Q9 2 (x - x ) ■ v(x) 
is c)v dv J s 

< 2AE / Q0 2 (x -x ) ■ v(x) 

JT,n 



dy 



dv 



dTdt 



dT dt < CAE / ee 2 

'So 



dy 



dv 



dT dt. 



11 



(4.1) 



(4.2) 



(4.3) 



Finally, combining (4.1), (4.2) and (4.3), we conclude the desired estimate (1.12). This 
completes the proof of Theorem 1.2. □ 

Proof of Theorem 1.1. The proof follows easily from Theorem 1.2 and the usual energy 
estimate. We omit the details. □ 
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